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Abstract

We develop a dynamic portfolio-choice model in which brown assets are penalized in proportion
to their carbon emissions, creating an explicit environmental wedge in expected returns. Solving
the problem in closed form, we show that higher emissions reduce optimal brown holdings exactly as
if investors faced higher asset-specific risk aversion for those positions. A robust-control extension
captures ambiguity aversion, which compresses risky allocations and further tilts portfolios toward
green assets. Calibrations to equity and clean-energy indices confirm the magnitude of the predicted
reallocations and point to meaningful welfare losses from ignoring ambiguity. The framework
offers transparent formulas linking climate risk and ambiguity to optimal asset allocation, guiding
sustainable portfolios, disclosure, and carbon-pricing policy.

Keywords: Climate Risk; Dynamic Portfolio Optimization; Ambiguity Aversion; Green Finance;
Brown Assets.

JEL classification: G11, G12, Q51, Q54, Q58.

Area of review: Finance

1 Introduction

Climate change has turned carbon exposure from a remote externality into a core driver of asset
returns. A growing empirical literature finds that firms with lower emissions (“green”) systemati-
cally outperform their carbon-intensive (“brown”) peers when climate concerns surge, generating a
“greenium” (Pastor et al.| [2021], 2022], Ardia et al.| [2023], Bolton and Kacperczyk| [2021], [Sankar
et al. [2024], Dutta et al.| [2023]). This shift in relative performance leaves investors facing two inter-
twined sources of uncertainty. The first is environmental (transition) risk: regulation, technological
change, or physical damages that can erode brown payoffs. The second is model ambiguity about
the true dynamics governing both asset classes (Ellsberg [1961], Hansen and Sargent| [2001b], (Gilboa,
and Schmeidler| [1989], Dangl and Weissensteiner| [2020],(Chang et al. [2024], Rubtsov and Shen [2024]).
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Since the seminal work of Merton| [1971], a vast literature has studied optimal portfolio choice under
various preferences, consumption motives, and market structures. We extend this line of research by
analyzing optimal allocation between green and brown assets when both carbon risk and uncertainty
are present. Following |Chacko and Viceira [2005], we parameterize diffusion risk using instantaneous
precision, the reciprocal of volatility, which delivers transparent, volatility-scaled portfolio rules. Our
central innovation is to evaluate portfolios using a “penalized wealth” criterion that applies a running
haircut to wealth based on the investor’s risk-scaled exposure to the brown asset, which captures
climate- and transition-related risks, see e.g. [Rogers| [2013] and (Colaneri et al.| [2025]. Further, in the
second part of the paper, we relax the assumption that this penalty is known and fixed, and allow for
model uncertainty about the transition and carbon-risk environment, deriving the associated robust
portfolio policy.

Our contributions are threefold. First, we provide the first closed-form dynamic allocation rule that
jointly incorporates an environmental penalty that internalizes expected carbon costs and ambiguity
aversion. Second, we quantify the welfare loss from ignoring ambiguity for a constant relative risk
aversion (CRRA) investor and decompose it into hedging and precautionary components. Third, we
characterize how environmental concerns interact with model misspecification: heightened carbon risk
increases the demand for robustness, and credible carbon pricing or disclosure that reduces ambiguity
can crowd in private green investment even before regulation takes full effect (Berg et al.| [2023])
[] In our numerical exercise, we calibrate the model to two exchange-traded funds that proxy for
carbon-intensive and low-carbon equities, respectively: the U.S. energy sector fund (XLE) for the
brown leg and a global clean-energy fund (ICLN) for the green leg, using daily data from January
18, 2012 to May 30, 2025. Parameters governing expected returns and the volatility environment
are estimated by simulated method of moments in the spirit of standard asset-pricing calibrations,
with estimates reported in a summary table. With this data-driven calibration in hand, the section
computes optimal portfolio weights in two steps: first, a benchmark that turns off model uncertainty
to isolate the roles of risk preferences and the environmental penalty; second, a robust version that
explicitly introduces ambiguity aversion. The time profile of allocations is then explored over a one-
year horizon, and the economic cost of neglecting ambiguity is quantified by a wealth-equivalent loss
that translates utility differences into the percentage reduction in initial wealth needed to make an
ambiguity-ignoring investor indifferent.

The main findings are clear. In the benchmark without model uncertainty, raising the environmental
penalty steadily reduces the allocation to the carbon-intensive asset, while the green allocation changes
little; the foregone risky exposure is absorbed primarily by the risk-free asset. Increasing risk aversion
compresses both risky holdings, with the green weight especially sensitive, and leaves a larger share
in the safe asset. Over time, median risky positions remain small and stable, while uncertainty bands
widen; this widening is more pronounced for the green leg because its volatility environment is more
variable. When ambiguity aversion is introduced, both risky allocations shrink and the portfolio tilts
further toward safety; the carbon-intensive position contracts only mildly relative to the green one
because it is already penalized by environmental concerns. Finally, the wealth-equivalent loss rises
with stronger ambiguity aversion, and its dependence on the environmental penalty is non-monotonic
across risk profiles—showing that ignoring model uncertainty can be materially costly and that climate
concerns and ambiguity interact to shift capital away from brown assets.

Tt is worth noting that the topic is particularly timely, as the relationship between cli- mate change and the fi-
nancial system is attracting growing attention, see for instance the recent discussion on the European Central Bank’s
consideration of climate factors in lend- ing policies at https://www.reuters.com/sustainability/climate-energy/
ecb-consider-climate-factor-when-lending-banks-2025-07-29/.


https://www.reuters.com/sustainability/climate-energy/ecb-consider-climate-factor- when-lending-banks-2025-07-29/
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Our paper enriches the literature on sustainable finance and responsible investing in three ways. First,
we pose a dynamic portfolio choice problem that jointly accounts for carbon risk and uncertainty
within a standard expected-utility framework, rather than a mean—variance or benchmark-tracking
setup (see, e.g., [Le Guenedal and Roncalli [2023]). Closely related, |Chen et al.|[2025] also adopt
an expected-utility approach but study how to design a risk constraint that increases investment in
green assets; by contrast, we work with an unconstrained problem and embed climate costs directly
in the objective. Second, to capture the additional climate- and transition-related exposures of the
brown asset, we evaluate portfolios using a penalized-wealth criterion that applies a running haircut
proportional to the investor’s risk-scaled exposure to the brown asset. This differs from exclusion-
and-reweighting strategies aimed at minimizing tracking error to a benchmark, as in |/Andersson et al.
[2016], while retaining the full investment universe. Third, whereas preference-based models incorpo-
rate sustainability directly as an investor taste (e.g., [Pastor et al. [2021, 2022]), we keep preferences
standard and encode climate-related costs and uncertainty in the objective itself; we then relax the
assumption that these costs are known and derive robust portfolio policies under model uncertainty.
Policymakers aiming to accelerate green investment should act on two levers the model highlights: re-
duce uncertainty and make the cost of carbon predictable. In the framework, an explicit environmental
penalty pushes capital out of carbon-intensive assets in the same way higher effective risk aversion
would, while model ambiguity shrinks all risky positions and raises the welfare cost of investing when
it is ignored; together these forces tilt portfolios toward safety unless policy is clear and credible. This
implies that transparent, standardized climate-risk disclosure and forward-guidance on a gradual, cred-
ible carbon-pricing path can “crowd in” private green investment by lowering ambiguity and stabilizing
expected payoffs. Calibrations show that the reallocations are economically meaningful, and that the
loss from neglecting ambiguity rises with investors’ concern about misspecification—underscoring the
value of credibility and disclosure as complements to pricing.

The remainder of the paper proceeds as follows. Section [2] presents the baseline model and derives opti-
mal strategies. Section |3|extends the framework to robust (ambiguity-averse) choice. Section [4|details
the calibration and simulation results. Section [5| concludes and outlines directions for incorporating
explicit stochastic carbon taxes and firm abatement behaviour. Detailed derivations are collected in
the Appendix.

2 Financial model and optimization problem

Let T' < oo denote the investment time horizon. All stochastic processes considered in our analysis are
defined on a filtered probability space (2, F,F,P), where F := {F(t)}+c[o7) is the natural filtration
satisfying the usual conditions and P denotes the physical (real-world) probability measure. The
representative investor allocates wealth among three assets: a risk-free asset M = { My}, ¢ o 77, usually
represented by a money market account accruing at a constant instantaneous interest rate r > 0, a
green stock S¢ = {S&Y}, ¢ 0,71 and a brown stock SB ={SP},c o,7]- Their dynamics under P are given
by

th = T‘Mt dt, MO = 1, (21)
ds¢ 1

S—ézdet+1/EdZF, S§ = 5§, (2.2)
dStB B 1 B B B



The green asset SC evolves with a drift u“ and stochastic volatility driven by a process y& =
{th }te[o’T], which is referred to as the precision. Mathematically, precision is the inverse of vari-
ance, so that the volatility is \/1/ th . Economically, higher precision corresponds to lower volatility
in returns. We assume that the diffusive components driving the price process S¢ and its precision
process y© are two Wiener processes Z¢ := {Z¢ }eefo,r) and 7% .= {Z¢ }efo,r) With instantaneous
correlation

A(z% 2%, = p%dt,  p%e[-1,1].

Without loss of generality we represent

dz& = p©dzE + /1 — (p%)2dBE, (2.4)

where B¢ := {B¢ }tepo,r) is @ Wiener process independent of ZG. Accordingly, the precision of the
green asset follows the mean-reverting square-root process

dyf = kG (0° — y) dt + 0%/ yE <pG AdZF + /1 — (p9)? dBf) : (2.5)

The instantaneous volatility of S& equals /1/ th : high precision implies low volatility and vice versa.
Further, opting for a non-affine model for ¢y in the state variable is one of the hallmarks of our pro-
posal. The non-affine specification of y& generalizes (Chacko and Viceira [2005]; see |Oliva and Reno
[2018] for details. The Feller condition 2k¢0% > (6%)? guarantees y& > 0 for t € [0,T], P-a.s.

Analogously, the price and precision of the brown asset are driven by two correlated Wiener processes
ZB = {ZPYciom and ZP :={ZP},c o) with

d<ZszB>t:det7 pB € [_171]7

and we write

dZB = pPazpP + /1 - (pB)2dBP, (2.6)

where B is independent of ZZ. The precision process y” = {yf};c [0,7] Obeys

dy? = kB (08 — yP)dt + 0P\ /yP (;;B dZpP + /1 — (pB)2 dBtB> : (2.7)

Low values of y? therefore translate into high volatility of SB, reflecting greater uncertainty about
the brown asset’s returns.

Furthermore, we present the following observations and assumptions based on our financial market
model.

1. We assume that the driving Brownian motions Z¢, Z®, B¢ and B live on the common proba-
bility space introduced above and are pairwise correlated only as specified through the correlation
coefficient p@ and pB. This simplification avoids modeling the full covariance structure between
y“ and y®, which may not be empirically identifiable or economically justified in the absence of
strong evidence of joint volatility spillovers between green and brown assets. From an economic
standpoint, we interpret the green and brown sectors as being driven by distinct sources of un-
certainty—e.g., renewable energy innovation versus fossil fuel market dynamics—justifying the
assumption of orthogonal shocks to volatility.



2. Time-varying risk is captured by stochastic volatility v& = {v&}, ¢ o,7] and vB = {vP}, ¢ 0,15
expressed through the inverse precision processes, i.e. th =1/ th and Uf =1/ yfg , for any ¢t €
[0, T7.

3. Precision processes y& and y? are assumed to be mean-reverting and strictly positive, under
standard conditions (e.g., the Feller condition), ensuring well-defined and economically plausible
volatility dynamics.

4. The model allows for a differential risk characterization between green and brown assets. The
precision framework allows interpretation of environmental risk: the brown asset may be riskier
(e.g., with a lower average precision or higher volatility).

We consider an investor who allocates wealth across a money—market account M and two risky stocks:

a green asset S¢ and a brown asset SPZ. Let W = {Wi}tepo,r) denote total financial wealth. The

portfolio weights at time t are 7rtG in the green stock, 7 in the brown stock, and 7y in the risk-free

asset, with the usual full-investment constraint 70 = 1 — 7& — 7.

AW,  odM;  dSS  ,dSP
Wt :7Tt Mt +7Tt StCT‘ +7Tt StB,

(2.8)

with initial wealth Wy = wg € RT.
Substituting the asset return dynamics and using 79 = 1 — 7TtG — nP yields the (self-financing) budget
constraint

/1 /1
AW, = (th + 7SW (1 — r) + 7BW, (1P — r))dt + 7¢W; Ne dz& + nPw;, nydZﬁ (2.9)
t t

2.1 Penalized Wealth and Environmental /Transition Risk

To capture the idea that investing in the brown asset exposes the investor to additional climate-
and transition-related risks (e.g., prospective carbon pricing, regulatory costs, stranded-asset risk,
reputational costs, or investor-imposed ESG constraints), we introduce a penalized wealth measure
W = {/Wt}te [0,r] that applies a running haircut to terminal wealth proportional to the risk-scaled
exposure to the brown stock.

The instantaneous return variance of the brown stock is 1/y. Holding a portfolio weight 77 therefore
contributes instantaneous portfolio variance (7P)?/yP. We interpret this as the intensity with which
climate-related downside can materialize when the investor is exposed to a volatile (low-precision)
brown asset. A penalty parameter £ > 0 scales the strength of this effect and can be viewed as (i) the
investor’s effective carbon risk aversion; (ii) a shadow carbon tax internalized at the portfolio level;
or (iii) a reduced-form way to incorporate expected external regulatory costs.

For dimensional clarity we apply the penalty multiplicatively to wealth rather than exponentiating
the level of Wr, i.e.,

Wr = WTexp{—g /OT (m)? ds} : (2.10)



This approach is in line with a broad strand of the literature, see, for example, Rogers [2013]. More
recently, (Colaneri et al.| [2025] have incorporated environmental criteria into an optimal investment
problem within the life insurance framework. The latter accounts for carbon risk through a variance-
based penalization, rather than a covariance adjustment, thereby avoiding distortions from correlations
and enabling a flexible trade-off between sustainability, risk, and return without imposing binding
constraints. Our contribution follows a similar penalization structure, but differs by focusing on the
prevision process and the design of optimal investment strategies under risk and uncertainty.

Thus, heavier and/or more volatile brown exposure reduces the effective terminal wealth that enters
utility. When ¢ = 0, /WT = Wy and the problem collapses to the standard portfolio choice model.
Larger £ corresponds to stronger environmental penalization and has an effect similar to increasing

risk aversion specifically with respect to the brown asset’s variance exposure.

Define the running penalty factor L, := exp{—% fot (7;533)2 ds} so that /Wt = W;L; and Ly = 1. Because

B\2
L; has finite variation, dL; = —%%Lt dt, and by It6’s product rule we obtain
t

AW, = L; dW; + W, dL,

_ GG B, B S@)? = a |l o = 8|1 B
=Welr+m(p” —r)+m7 (0 —7) 5 | dt + Wimy o 42y + Wy, 5 dZ.
2y Yi Yi
(

2.11)

Relative to the unpenalized wealth SDE, the only change is the additional drift deduction —%%

t
capturing the environmental/transition haircut. Importantly, the diffusion terms are unaffected be-
cause the penalty is modeled as a deterministic (finite-variation) deduction conditional on the control
path.

2.2 Preferences

In our model, investors’ preferences over green versus brown allocations are explicitly incorporated,

yielding implications for sustainable portfolio construction and environmental risk hedging. The in-

vestor has a time-0 objective represented by a constant relative risk aversion (CRRA) utility function
1=y

V@)= 1= 7> 0.9 £ 1, (2.12)

applied to penalized terminal wealth WT, and we do not consider intermediate consumption, as in
Liu et al.| [2003], Das and Uppal [2004], Oliva and Reno| [2018]. When v — 1, the objective converges
to log(WT). The parameter v captures relative risk aversion, while £ captures additional aversion
(or expected cost) tied specifically to brown-asset volatility exposure. These two parameters interact
in determining optimal portfolio allocations to green versus brown assets. For any ¢ > 0, given the
information available at time ¢, we maximize the expected utility of penalized terminal wealth under
power utility.

Assumption 2.1. We denote by A the set of admissible strategies, namely the set of processes o =
{aitieiom with aq = (nf, 7B), such that

(i) 7rtG, 7rtB, for any t € [0,T], are progressively measurable w.r.t. the filtered probability space
(Q7F7F7]P))7



(ii) E [/OT <(7T’5G)2 + (Wi)2> WE’dt] < o0,

th Yy

(iii) there exists a unique strong solution to ([2.11) for the initial datum (to, Wo,y&,y§) € [0,T] x
(0, +00)3.

The investment problem we intend to solve is

Wy
h = sup B | —L ) (2.13)
acA I—v

where h = h(t,W,y", y%) is the value function, @ € A and E[-|F;] = E] denotes conditional
expectation given the information available at time ¢. To improve readability, throughout the paper
we omit the explicit dependence of functions on their parameters whenever no confusion arises; such

dependence should be understood from the context. The associated Hamilton-Jacobi-Bellman equation
(HJB) is

h = 2.14
or T Im =0 (2.14)

where L is the infinitesimal generator, given by

oh
Lhi=—<(r+78 (WP —7r)+2° ¢ —r) W
D (et (4 =) 1 (1 1)
L B (pB B Oh §(7TB)2/\
Tt ¢ )~ awz g
Oh e ey, L PR ((@P)? (197 =
+8ka (6 y)+28W2 BT W
1 9%h 1 9%h
5 B2( B)2yB 5 G2(O.G)2 G
Ay Ay
2 - 2 -
2 h BB pPW + EthGWGpGW, (2.15)
oW oy-B OW oy

whose derivation is illustrated in Appendix

We are able to provide the explicit optimal investment strategy for the optimal allocation problem
(12.13)).

Proposition 1. Let v > max {C1,C2,0} , with
AC (2kCp% + A)
(kG)Q +AG (2kaG+AG)
o AB (2pPkB + AB) — (kP)2%¢
2 (kB)2 + AB (2pBkB + AB)

Cp = (2.16)

(2.17)

with AG = (,uG — r) oC and AB = (,u,B — 7’) oB. Consider the investment problem (2.13) and the
associated HJB equation (2.14). Then, for any t € [0,T], the value function is

A Wi
h (t, W,y", yG) — /B + ey +e() —Vlv_ = (2.18)



where, for any t € [0,T],

fa(t) =8¢ 0 1 (2.19)
“ (K 1 kS (ST 1) 4 2kG ‘

ks (T—t) _ 1

t) =65 , 2.20
f() (kB + kB) (b2 (T—1) — 1) 4 2kB (2.20)
2kBoB B
gt) =1 —yr(T —1t) + 0B In (2°(¢, 7))
2kC0¢
+—(0G)2ln(2G(LZU), (2.21)
and we set
B (kB+kB) T
ZB(t,T) = = 21{32 € 1B ’ kBQT ,
2kF + (kP + kF) (P2 (T71) — 1)
1) ok (K ) 5
U 2kS 4 (kG 4 kG (e T — 1)
with
G .N\2(1 _
g
_ G2
HEG = A=6")° +1, (2.23)
g
G _ . G .G
k?:::kc__(ﬂ r)(1—v)a%p ’ (2.24)
g
KS =\ (KE)? — (09)2HG5 (2.25)
and
B _ .2 1— ,Y)
58— =) : 2.26
G+ (326)
. B\2
HP .— m +1, (2.27)
v+E€
B _ (1 — )O_BpB
1 e (2.28)
kY =\ (k)2 — (P )2HPSP . (2.29)

Moreover, for any t € [0,T], the optimal portfolio weights are given by

. B _ BB (¢
B (M r, 9Pt fs( )) yP (2.30)
£+ £+
. ¢ GG
G (M - e pny( )) e (2.31)
Proof. See Appendix [A1] O

For a single risky asset with constant excess return p — r and volatility o, a CRRA investor with a

relative risk-aversion parameter v chooses the classical myopic weight mMerton — % In our setting,



the fraction invested in the brown and green asset can be as this benchmark plus an intertemporal-
hedging adjustment that arises because expected returns depend on state variables , i.e., the precision
factors yi, i = B,G.
For the brown as%et, the myopic component in corresponds to theBg}geenium—adjusted risk pre-
pne—r

e yP, whereas the hedging demand is represented by ‘75 +p,y yP. The term fg(t)oBpP

arises from the predictability of returns, and reflects the intertemporal hedging motive. Here, fp(t)

mium, given by

solves a Riccati-type Ordinary Differential Equation (ODE), and captures the sensitivity of future
investment opportunities to shocks in the precision process yZ. Since yf denotes the precision at any
time ¢ € [0,7] (i.e., inverse of the variance) of brown asset returns, its inverse behaves as a stochastic
volatility factor. An increase in current precision, corresponding to lower instantaneous return vari-
ance, raises the value of y?, and thus (ceteris paribus) increases the optimal allocation to the brown
asset.

The environmental penalty & enters the optimal strategy in the same manner as an additional risk-
aversion term. Specifically, both the myopic and the hedging components are scaled by the effective
risk aversion £ + -, since the carbon penalty applies exclusively to brown exposure. This is reflected
in the denominator of both components:

e The term ¢ functions exactly like an extra unit of risk aversion, reducing the effective Sharpe
ratio of the brown asset.

e Setting £ = 0 recovers the standard Merton formulation, where the denominator collapses to ~y
and the hedging component follows the classical structure.

For the green asset, we may adopt an analogous decomposition of into a myopic component and
an intertemporal hedging demand. The key difference lies in the denominator: since the environmental
penalty does not apply to green holdings, the denominator remains purely Merton-type, namely
v. As in the brown case, the hedging term depends on the predictability coefficient fg(¢) and the
precision factor ¥, which is the inverse of the return variance for the green asset. When either the
predictability of returns or the correlation p& between returns and the precision process is weak, the
hedging component becomes negligible, and the optimal allocation simplifies to the standard Merton
solution.

Building on the previous results, we now examine the structure of the value function and its impli-
cations for optimal decision-making. Under the CRRA-exponential ansatz in , the following
derivatives of the value function are obtained:

oh =

—_— = 1 - W_lh 3
e (1—=7)
h
gyi — fi(O)h, i € {B,G},
9%h —_
8ﬁ72 = _7(1 _7)W 2h>
0%h .
ayiayj = fl(t)f](t) hv (23S {BvG} )
62h, T1—1 .
8/W8y2 = (1_’7)W fz(t)ha (S {BvG} :

e The expression for % confirms that the agent exhibits constant relative risk aversion (CRRA),

consistent with Merton| [1971].



0

e The partial derivative 8hi = fi(t)h indicates that the marginal value of a shock to the precision

Y
process is proportional to f;(t). Thus, the Riccati ODE governing f;(t) determines both the

magnitude and the sign of the optimal hedging demand.

0%h
Oy oyI
equation. As a result, the problem reduces to solving two coupled Riccati equations, which

e The structure of the cross-derivatives preserves a separable quadratic form in the HJB

admit closed-form solutions.

e The restriction v > max{Cy,Co,0} is not a modelling preference but a well-posedness require-
ment. After the standard homogeneity reduction, the HJB equation reduces to two coupled
Riccati ODEs of the generic form. For a Riccati ODE to stay finite on the whole horizon [0, T7,
some conditions shall be satisfied. These conditions can be expressed in economic parameters,
yielding exactly v > C7 and v > (5. Hence the bound guarantees that the value function
remains finite and the verification theorem applies.

With CRRA utility the optimal risky-asset weight is proportional to y~! times a generalized
Sharpe ratio. In the present model that Sharpe ratio is state dependent; if v is too small the
optimizer would demand unbounded leverage whenever the state drifts into regions where the
ratio becomes large (v > C7) or the default-adjusted drift becomes strongly negative (v > C5).
The inequality therefore acts as a risk-aversion floor that caps leverage at a finite level. If
v < max{C1, Cs,0} the Riccati solution blows up in finite time, so the HJB equation lacks a
classical solution and the control problem is ill-posed. A more detailed discussion of the role of
coefficients C, Cs is deferred to Appendix

3 The model under ambiguity: A Robust-Choice Extension

The penalized—wealth framework in Section [2| captures a known cost of holding brown assets that
arises from preferences or regulation. In practice, however, investors also face Knightian ambiguity:
key drift and volatility parameters estimated under a benchmark measure IP may be unreliable because
the energy-transition agenda is politically unstable, data on green technologies are scarce, and emis-
sions reporting is noisy. It is therefore natural to account for a range of plausible alternative models,
as emphasized in Oliva and Stefani [2024].

To hedge against such misspecification we recast the problem as a multiplier-type robust control in
the sense of Hansen and Sargent| [2001a], [Sargent et al. [2003] and Hansen et al.| [2006]. The investor
evaluates portfolios in a neighborhood of probability measures that are statistical perturbations of P
and pays an entropy penalty for deviating from the benchmark. Ambiguity aversion therefore favours
allocations that perform satisfactorily across all plausible models, typically reducing exposure to assets
whose dynamics are most uncertain—often the brown asset.

3.1 Reference model and ambiguity specification

We introduce a set of prior probability measures P = {P€: ¢ € £}, representing the investor’s subjec-
tive assessment of model uncertainty (see, e.g., Wei et al.| [2023]). The set € consists of all admissible

Markovian perturbations of the drift terms, as described in [Faria and Correia-da Silva [2016]. We

Gy B,s By

denote by € := (etG’s,et V€€ the vector of distortion processes, corresponding to the

)te [0,T]
stock price and the precision for both green and brown assets.

10



The process € € & such that € = {e},c[o,7] is said to be an admissible distortion measure if the
following conditions are satisfied:

. G,s Gy B,s B,
(i) The processes €, ¢,"Y, ¢ €,

space (Q, F, F, P);

are progressively measurable w.r.t. the filtered probability

(7i) Novikov’s condition is fulfilled, i.e.,

E [exp {P (T, B9 G5 By EG’y) }] < 00,

G,S\2 G,y\2 B,S\2 B,y\2
¢
where P(t,eB’S,eG’S,ery,eG’y) = fo (ea””) "+ (eu”) ;(E“ i Cris )

We define the Radon-Nikodym derivative process A®:= {A“(t)};c[0,7] as

t
Af =exp {—P (t, eBS eGS eBy eG’y) — / ef’stf
0

t t
_ /O CgRG _ /0 ef’ydBf} | (3.1)

so that the density process satisfies %! 5= Ag, and Af is a P-martingale.

Finally, we introduce the Wiener processes under the distorted probability measure P¢. We consider

Bic = {B;"e}te o 4 Zie = {Zjve}te oy Vit i = (B, G} such that, for any ¢ € [0,7],
Az = dz8 + &5t (3.2)
dzP = dzP + 25t (3.3)
dBE = dBS + &Vt . (3.4)
dBP = dBP + PVt . (3.5)

Thanks to (3.2)—(3.5]), we express the P-dynamics for both green and brown assets as

)
ds¢ =S¢ <NG — e, /ylc,.> dt + S\ [edZ)
dyf = kCOF —yf)dt — 0@ SgpCer  dt — 0O\ /yF /T = pPe;Vdt (3:6)

| oV (pCaz0 4 T (0Bl

and
(
dSL{B = StB <,uB — 6?’51 /y13> dt + StB1 /y%de’6
dyf = kP08 — yP)dt — 0P JgupPel St — B\ yP U= et (3.7)
1B yF (pPdz) <+ T= (pP)dB]~)
respectively.

Remark 3.1. Setting all distortion processes to zero, namely ei’s = ei’y = 0 fori = {B, G}, we
recover the baseline P-dynamics. A positive (resp., negative) €* reduces (resp., increases) the effective
drift of asset i, representing an adverse (resp., favorable) return misspecification. The corresponding
terms in the y* dynamics capture how such distortions propagate into beliefs about volatility through the
correlation structure p*. The distortion measures €Y shift the drift of the volatility factor independently
of returns. By allowing separate distortion processes for returns and volatility, the model reflects the
idea that investors may be more uncertain about one type of risk than the other. In particular, the
volatility of brown assets, which may be affected by requlatory shocks, can be especially ambiguous.
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3.2 Penalized wealth and preferences under ambiguity

We now extend the baseline framework by incorporating ambiguity into the investor’s preferences. To
avoid confusion, in what follows a tilde will be used to indicate all quantities (processes, functions,
and constants) that refer to the model under ambiguity.

The departure from the reference dynamics is penalized by a state-dependent function W(¢, ﬁ/\e, y&,yP),
which quantifies the cost of deviating from the benchmark specification. This approach is consistent
with the relative entropy framework developed in Maenhout| [2004] and further applied in |Wei et al.

[2023]. We denote by We = {ﬁ/\f} o071 the total penalized financial wealth process under ambiguity,
telo,

and we define the robust portfolio weights as the vector o = {ay }; ¢ (0,7] such that a; = (7TtG, Ty ) for

any t € [0,7T]. The self-financing P*-dynamics of We are

de :/Wf [r—l—%tG (,uG—r GS,/ ) + 7B (,u,B—r—efS,/th) - g(?iy] dt
t
€~G\/> AzZ8C + W, €~B\f azpPe. (3.8)

Also in this case, investors’ preferences U(-) have the form of CRRA (power) utility as in ([2.12]).

Moreover, along the lines of [Maenhout| [2004], we assume that the penalty intensity scales with the
value function v (t, WE, yC, yB) , so that

T
(1 - 7)5 (t7 /We’ yGa ?JB)

W, We,y% ") = >0, (3.9)

where I' € R* is an exogenous parameter measuring the degree of ambiguity aversion of the investor.
The robust investment problem is

h (t, /We,yG,yB) = Sup inf Ef [U (W}&) - ﬁ} , (3.10)
Gec A€ ecf
~ ~ G,S G, B,S B,
with P = P(T, e85, 55 By Gv) .= fOT (e )2 (e ) (e ) (e ) du, under the budget constraint
20 (t,WeyC%yB)
provided in (3.8). We notice that:
e we refer to £ as the set of admissible distortion measures, and we set E{[-] := EF'[- | 7], i.e., the

conditional expectation w.r.t. the ¢-filtration and the distorted probability measure P¢;
e we indicate by A the set of admissible investment strategies a;

e the first term in stands for the CRRA utility function, evaluated at maturity w.r.t. the
penalized wealth under ambiguity, where the portfolio weights are replaced by their optimal
version a. The second term in the objective functional represents the relative entropy
penalty, which accounts for the cost of model distortions and provides a quantitative measure of

the investor’s exposure to ambiguity.

The value function h associated with problem (3.10f) satisfies the robust HJB equation

A ~
8——1— sup inf Lh=0, (3.11)
ot aec At €&

where L is the infinitesimal generator, given by
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+£JZ[1@G(00—yG)—aG PGS /1 QGy]

oh — g(~B) 1 9h

_ > 4z O'B 2 B
owe 2 yB 23(1/3)2( S’y
1 0°h |, g G Ph pop=. B
28(1/0)2( il OWedy W

OW 9y
1 0°h (WE)Q (%0)2 + (%B)2
2 W2 y¢ yPB

Proposition 2. Let v > max {51, 52, 0} with

(kST + (1= T) (A%(2k%0C + A9)
Cq =

(kG)2 + AC (QkaG + AG)
 —(kBRPT+ O+ (1-T) (AB(%BpB + AB)

Cy = - - ,
(kB)2 4 AB (QkBpB + AB)

with AG = (MG — r) oC and AP = (/LB — r) oB.
Consider the robust investment problem (3.10) and the associated robust HJB equation (3.11]).
for any t € [0,T], the value function is

)

~ _ /\1_
h (ta we,y? ,?/G> — ofBWYP+fa )y +5(t) If/ .
-

where
_ - (T _ 1)
(KG + kS (R T8 — 1) 4 2kG
[ LN il
(kP + kD) (b2 (T — 1) 4 2kB

2kB9B
g(t) - (1 - V)T(T - t) t B9 (0_ ) In (NB(t T))
+ 2(/;20 In (3(t,7)) |
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(3.12)

(3.13)

(3.14)

Then,

(3.15)

(3.16)

(3.17)

(3.18)



and we set

ok Be (kB+E3) D

B, T) = — ,
oKD + (kB + kD) ( P _ 1)
- %Ge =
z (t,T = —= )
%G + (kS + kS) ( §(r—1) _ 1)
with
s )
(y+I)
76 . {1 —~-T ((1 —y=DK9? | 1)]
(1=9) (v+1) ’
76 .16 _ (1% —1)(1 -y —T)o%p”
' (y+T) ’
RS = ()2 — (00)2005
and
5B .— (u” —1)*(1 =) (3.19)
(y+T+8 7
7 1-9-T ((1—y-T)(p")
HE .= [ < +1)], 3.20
T-9 \ G+T+9 (3:20)
' (v +T+¢) ’
R = (6P)2 — (oB)2HBs (3.22)
Moreover, the optimal distortion measures are
B,S fB(t)aly] B
e =TI —= + ) 3.23
'f (th T ) v (329
G5, 7 falt)oCyf G
e =T —+ + ) 324
t <yG - )V 24
* r rs
" = 7o 1= PPV (3.25)
* r r3
e?ﬂ’:=1__vonc@> 1— (092w (3.26)
and the optimal weights are
B B
e _ | #E—r  JB(0)0PpP(1—y-T)| g
B _ , 3.27
N e A () RS A I (3.27)
uG —
G fat)oCpfl—7-1)| 4
7O = Ty G . 3.28
e S (e [CE Sy (3:28)
Proof. The proof is provided in Appendix O
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Remark 3.2. To guarantee well-posed solutions of the Riccati system of ODFEs, the investor’s risk-
aversion parameter must satisfy v > max{Cq, Co, 0}. It is worth noting that such a condition has
the same formal structure both in the presence and in the absence of ambiguity. The difference lies
in the definition of the thresholds: in the benchmark case (no ambiguity), C1 and Co depend on the
interaction of excess returns, volatilities, mean-reversion, and the environmental penalty. When we
include model uncertainty, they shift downward by the ambiguity intensity ', namely Ci=C1 —T, and
Cy = Cy —T. Intuitively, ambiguity aversion acts as if part of the investor’s prudence were already
embedded in the model. Since the distorted framework anticipates adverse shocks, the additional degree
of risk aversion required to rule out Nirvana solutions is effectively lower. As a consequence, more
parameter configurations admit finite solutions under ambiguity than in the benchmark case, while no
admissible configuration is lost. The full derivations and explicit formulas for C1 and Co are provided
in Appendiz B,

The robust-control extension preserves the tractable Merton-plus-hedge structure of the optimal poli-
cies, but the ambiguity aversion (parameter I') and the environmental penalty (§) now enter the
formulas as additional risk-like wedges. The optimal positions in the brown (B) and green (G) as-
sets are given in Equations and , respectively, where yi denotes the precision (inverse
instantaneous variance) of asset ¢ and f;(t) solves a Riccati ODE that measures how future investment
opportunities depend on yi, for i = {B, G}.

The closed-form solution for the robust portfolio weights can be interpreted through a decomposition
that highlights three distinct channels through which ambiguity and environmental penalties affect
optimal allocations.

The first channel is the myopic premium. In the classical Merton framework, this term captures the
immediate trade-off between expected returns and risk, scaled by the degree of relative risk aversion
~. In the robust setting, however, this parameter is effectively replaced by v+ 1I' (and by v+ I"+ ¢ for
the brown asset). In other words, ambiguity aversion operates as if the investor were more risk-averse
across all assets, thereby shrinking every risky position proportionally. By contrast, the environmental
penalty introduces an additional shrinkage that applies only to the brown asset, reflecting its specific
policy or regulatory costs. Taken together, these effects imply that while ambiguity reduces overall

risk-taking uniformly, environmental preferences or policies selectively target brown exposures.

The second channel corresponds to the intertemporal hedge, which arises from the need to protect
against predictable fluctuations in investment opportunities, such as changes in Sharpe ratios induced
by time-varying volatilities or risk premia. Ambiguity alters this motive by multiplying the hedging
demand by the factor (1 —~v —1T')/(1 — 7). As a result, greater ambiguity aversion systematically
dampens the strength of hedging positions. In extreme cases, when I' exceeds 1 — -y, the sign of the
hedge can even reverse, meaning that positions that would normally serve to insure against dete-
riorating opportunities may instead be reduced or even unwound under strong ambiguity aversion.
This illustrates how concerns about model misspecification can substantially alter the forward-looking

component of portfolio choice.

The third channel is precision scaling. Both the myopic and hedging demands are proportional to the
precision y}, i.e., the inverse of the instantaneous variance of asset 7. This implies that allocations
adjust dynamically to the current volatility environment: when an asset exhibits low return variance
(high precision), the investor is willing to hold a larger position, while high volatility naturally dis-

15



courages exposure. This mechanism is fully consistent with the intuition from stochastic-volatility
models such as Kim—Omberg or Campbell-Viceira, see e.g. Kim and Omberg| [1996] and |Campbell
and Viceira, [1999] respectively, where time-varying risk premia interact with state-dependent volatility
to shape dynamic asset allocation.

It is useful to highlight a few special cases of the robust portfolio rule, which clarify how ambiguity
and environmental preferences interact in shaping allocations. First, in the absence of ambiguity
(that is, when I" = 0), the optimal robust weight reduces exactly to the environmental-only solution
analyzed in Section [2.2] In this case, the investor trusts the reference model fully, and the only
deviation from the classical Merton rule arises from the additional penalty attached to brown assets.
Thus, optimal allocations are driven solely by environmental considerations, with no adjustment due to
concerns about model misspecification. Second, in the opposite case where environmental concerns are
absent (i.e., £ = 0), the impact of ambiguity is uniform across assets. Both green and brown weights
share the same denominator v + I', meaning that ambiguity aversion effectively acts as an increase
in risk aversion that symmetrically reduces all risky exposures. Here, portfolio tilts are independent
of environmental preferences, and the robust solution collapses to the ambiguity-only version of the
model. Finally, in the limit of extreme ambiguity aversion (I' — c0), all risky allocations vanish at rate
1/T. This recovers the well-known “do-nothing” outcome from Hansen—Sargent robust control, see
e.g. Hansen and Sargent [2001a] where the investor withdraws entirely from risky markets in order to
guard against worst-case model misspecification. In this regime, ambiguity dominates environmental
preferences, and the portfolio converges to the trivial safe investment. Together, these special cases
illustrate how the general robust rule nests familiar benchmarks: the purely environmental portfolio,
the purely ambiguity-driven adjustment, and the degenerate full-caution solution. This reinforces
the interpretation of the model as a unified framework for studying the interplay between ambiguity
aversion and environmental penalties. With h = exp{f5(t)yZ + fa(t)yC + §(t)}/ﬂ7t1_7/(1 — ), the
Riccati ODEs governing ff, i = {B, G}, include T in exactly the same places as vy and (for the brown
asset) the sum v + &.

4 Numerical Analysis

In this section, we perform the empirical calibration of the model using real market data. Specifi-
cally, we consider two exchange-traded funds (ETFs) as representative assets for the brown and green
sectors. We use XLE (Energy Select Sector SPDR Fund) as the brown asset. This ETF tracks the
performance of large U.S. energy companies primarily involved in the production and distribution of
fossil fuels such as oil and gas. As such, XLE provides a natural proxy for carbon-intensive invest-
ments. For the green asset, we employ ICLN (iShares Global Clean Energy ETF), which includes
companies that generate energy from renewable sources, such as solar and wind. ICLN serves as a
proxy for low-carbon and environmentally sustainable investments.

The model parameters for both assets are estimated using the Simulated Method of Moments (SMM),
along the lines of |Chacko and Viceira [2005]. This estimation technique matches selected statistical
moments (such as the mean and variance of returns) computed from observed data with those gener-
ated by simulated data from the model. The parameters are chosen to minimize the distance between
the simulated and empirical moments, providing a data-driven calibration of the model. The results
of the parameters estimation are provided in Table

The parameter p is the annualized expected return of the asset. The precision process has a long-run
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mean 6 (a higher 6 implies lower average variance), reverts toward that mean at speed k, and is
driven by shocks with scale o. The parameter p is the instantaneous correlation between return and
volatility shocks. Interpreting the estimates in Table the brown asset exhibits a higher expected
return (u = 0.0492) than the green asset (u = 0.0119), but the green asset has a substantially higher
long-run precision (0 = 39.83 vs. 18.96), implying lower average volatility. Mean reversion is fast
for both assets and slightly faster for the green asset (k = 9.48 vs. 8.88), corresponding to half-lives
of roughly In(2)/k ~ 0.073-0.078 years (about 27-29 days). The volatility-of-precision parameter is
similar across assets (o &~ 3.86), suggesting comparable variability in short-term volatility dynamics.
Finally, the return—volatility correlation is moderate and positive for the brown asset (p = 0.205) and
stronger for the green asset (p = 0.516), indicating that shocks to returns and volatility co-move more
tightly for the green asset. Taken together, the calibration points to a standard risk-return tradeoff:
the green asset offers lower average volatility (higher #) at the cost of a lower expected return (u),
while being more sensitive to contemporaneous volatility shocks (larger p) than the brown asset.

Parameter Brown Green

0.0492  0.0119
8.8755  9.4756
18.9637 39.8315
3.8571  3.8585
0.2052  0.5155

T Q9 DT

Table 4.1: Annualized parameter estimates for brown (XLE) and green (ICLN) risky assets using SMM, based on
historical data from January 18, 2012 to May 30, 2025.

4.1 The impact of risk on optimal allocation

In this section we analyze the optimal portfolio allocation in the benchmark case where the investor
exhibits no ambiguity aversion, that is, when I' = 0. This framework isolates the role of classical risk
preferences and the environmental penalty in shaping portfolio choices, without the additional layer of
model uncertainty. In particular, it highlights how changes in risk aversion and in the carbon penalty
parameter affect the relative allocation to green and brown assets. The results obtained here serve
as a natural benchmark and will later provide a point of comparison for the more general setting in
which ambiguity is explicitly incorporated.

We begin by examining how the optimal initial portfolio weights respond to changes in the environ-
mental penalty parameter &.

As shown in Figure (left chart), the allocation to the brown asset 7ré3 decreases monotonically
with &, reflecting the fact that the penalty acts as an asset-specific increase in effective risk aversion.
By contrast, the allocation to the green asset W(? ™ remains essentially flat, since the penalty does not
apply directly to the green asset and any adjustment is limited to indirect general-equilibrium effects.
The reduction in brown exposure is offset by a higher weight on the risk-free asset, which increases
steadily with £ and signals a more conservative portfolio composition. Turning to the role of risk
aversion, we fix £ = 3 and vary the preference parameter , as illustrated in Figure (right chart).
Both risky allocations decline in absolute value as ~ rises, consistent with the scaling property of
optimal portfolio choice, while the weight on the risk-free asset increases correspondingly. The green
allocation 7TOG ™ is especially sensitive to v, decaying rapidly toward zero at a rate proportional to 1/7.
The brown allocation 7ré9 ™ however, depends on 1/(y + &) and is therefore less responsive to changes
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Figure 4.1: Optimal portfolio allocation without ambiguity aversion. In the left panel we analyze the effect of increasing
the carbon penalty £ at the initial time ¢ = 0, we fix the risk aversion parameter at v = 3. In the right panel we shows

the optimal allocation as function of risk aversion parameter v, and we fix £ = 3.. The remaining parameters estimates
are provided in Table

in v than its green counterpart. Overall, increases in investor risk aversion reduce risky exposures and
reinforce the demand for the risk-free asset.

We next investigate the time profile of the optimal portfolio weights. Figure 4.2 reports the median
allocations for the benchmark case with v = 3 and £ = 3. The green position ’/TtG ™ remains positive
and broadly stable over the investment horizon, displaying only minor fluctuations as maturity ap-
proaches. The brown allocation wf " is likewise positive but modest, with limited time variation; the
environmental penalty ensures that the position stays conservative despite the presence of a positive
risk premium. The residual demand is absorbed by the risk-free asset, whose weight remains nearly
constant given the weak time dependence of risky exposures. Dispersion bands widen over the horizon,
particularly for the green allocation, reflecting the higher volatility-of-volatility associated with the
green precision factor.

To complement the previous analysis, Figuredepicts the dynamics of the precision processes th and
yP. Both factors follow mean-reverting square-root dynamics: median trajectories fluctuate around
their respective long-run levels 6, while uncertainty widens over time. The green precision factor y&
exhibits systematically greater dispersion, leading to broader fan charts for 7TtG * compared to ﬂf -,
As a result, the growing uncertainty in investment opportunities is largely absorbed by the risk-free
asset, thereby reinforcing a cautious and conservative portfolio allocation.

4.2 The impact of risk and uncertainty on optimal allocation

In this section, we turn to the empirical analysis of the model with ambiguity aversion. Our aim is to
understand how the interaction between environmental penalties and ambiguity attitudes shapes the
structure of optimal portfolios, both at the initial date and over time.

Figure (left chart) illustrates the effect of the carbon penalty £ at the initial time ¢ = 0. The
allocation to the brown asset decreases monotonically and concavely as £ rises, since both the myopic
and hedging components are scaled by (v + ¢ + '), making the penalty act as asset-specific risk
aversion. By contrast, the green allocation remains essentially flat with respect to &, so that the
reduction in brown exposure is absorbed almost one-for-one by an increase in the risk-free asset
rather than by substitution into green. Turning to the role of ambiguity aversion I' (right panel),
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Figure 4.2: Optimal portfolio weights over a one-year horizon (v = 3, £ = 3). The top panel reports the green asset weight

7" the middle panel reports the brown asset weight 7", the bottom panel reports the risk-free weight 7"*. Shaded

areas denote the [0.05, 0.95] quantile bands, dotted lines are median values. The parameters estimates are provided in

Table

we observe that higher values of I' compress both risky positions simultaneously. Greater ambiguity
magnifies effective risk aversion by lowering perceived Sharpe ratios and dampening intertemporal
hedging incentives. The green weight remains small and positive but decreases more sharply with I,
whereas the brown position contracts more mildly, given that the carbon penalty already affects its
denominator (v + I' 4+ £). Once again, the risk-free share rises in response, capturing the shift away
from risky exposures as the degree of ambiguity aversion increases.

The time profile of the optimal allocations is reported in Figure The median holdings in both green
and brown assets stay small and positive over the horizon, displaying only limited variation, while the
risk-free asset absorbs the bulk of the portfolio and gradually increases as intertemporal motives fade.
The dispersion bands widen with time as the precision processes accumulate shocks, with the effect
being particularly pronounced for the green asset due to its higher volatility-of-volatility.

4.3 Wealth Equivalent Loss

To assess the economic cost of disregarding model uncertainty, we employ the Wealth—Equivalent Loss
(WEL), a standard metric in the literature (see, e.g., Escobar et al.| [2015], [Flor and Larsen| [2014],
Wei et al.| [2023], [Oliva and Stefani [2024]). This measure offers a clear economic interpretation of
the loss: it captures the fact that expected utility under ambiguity is lower than the utility attained
in the absence of ambiguity. We quantify this loss in terms of an equivalent reduction in wealth. In
other words, starting with a lower initial wealth level, while following the optimal strategy without
ambiguity, yields the same utility as in the ambiguous case. The gap between the original initial wealth
and this reduced wealth is referred to as the certainty equivalent loss. Alternatively, this measure can
be expressed as a percentage, as illustrated in the detailed expression below.
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provided in Table

Formally, let the investor’s initial wealth be Wy and denote by
1—y -
B (0, W, 52, 46) = Wo ' Fa(0) sB+Fc(0)§+3(0) (4.1)
9 b ) 1 _ ’_)/

the value function at ¢ = 0 when ambiguity is incorporated, resulting from the optimal strategy, where
the functions fg(0), f(0), and g(0) solve the system of ODEs in (3.16) and ¢ = 0.
Next, we define Weau a5 the initial wealth required under the optimization problem without ambiguity
such that the same value function is achieved, i.e.

(W)=

h(O, Wequi7yB’yG) — -

exp{ f5(0) y& + fa(0)y§ + g(0)} | (4.2)

where the functions fp(0), fc(0), and g(0) solve (2.19) with ambiguity-aversion parameters set to
zero and t = 0. Equating (4.1) and (4.2) yields

(£6(0) = 75(0)) uf + (fe(0) = Jo(0)) 46 + (9(0) = 5(0))

WOGQui = Wy exp 1=~ (4.3)

The Wealth—Equivalent Loss is then defined as the relative reduction in initial wealth:

WO _ Wequi
WEL = ———9% 4.4
. (44)
which can be written explicitly as
(£5(0) = F5(0)) & + (1(0) = Jo(0)) v§ + (9(0) - 5(0)

WEL =1 —exp (4.5)

1=
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Figure 4.5: Optimal portfolio weights over a one-year horizon (y = 3, £ = 3, I' = 2). The top panel reports the green

asset weight 7rtG **, the middle panel reports the brown asset weight ﬂf ** the bottom panel reports the risk-free weight
0,x*

m,"". Shaded areas denote the [0.05, 0.95] quantile bands, dotted lines are median values. The parameters estimates are
provided in Table

Consistently with the presence of ambiguity, we expect that quui < Wy.

Figure reports the wealth-equivalent loss (WEL), expressed as a percentage reduction in ini-
tial wealth, when comparing the allocation that accounts for ambiguity with the one that ignores
it. In both panels, WEL increases with ambiguity aversion. Intuitively, more ambiguity-averse in-
vestors place greater weight on adverse models and choose more conservative portfolios; relative to the
ambiguity-ignoring benchmark, this widens the utility gap, so a larger wealth reduction is required
to restore indifference. Equivalently, a stronger worst-case distortion lowers robust utility for a given
allocation, thereby raising WEL.
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Figure 4.6: Wealth—Equivalent Loss (WEL) as a function of ambiguity aversion I'. The left panel reports the
WEL (in %) for three different values of the carbon penalty parameter & € {3, 5, 7}, under a constant relative risk—aversion
coefficient v = 2. The right panel reports the WEL (in %) for three different values of the risk—aversion coefficient
~v € {2,3,5}, with the carbon penalty fixed at £ = 3. In both cases, the WEL measures the percentage loss in initial
wealth incurred when adopting the strategy without ambiguity, compared to the strategy that accounts for ambiguity. As
I" increases, the WEL rises, showing that ignoring ambiguity becomes more costly for more ambiguity—averse investors.

The left panel examines the role of the carbon penalty parameter £ (its interaction with risk aversion
can be found in Figure [£.7] The relation between WEL and ¢ is non-monotonic because the portfolio
response to £ differs across preferences. Mechanically, under the model’s optimal policies the brown
weight scales with 1/(y + I' 4+ &), whereas the green weight scales with 1/(y + I') and is therefore
insensitive to £. For low risk aversion (e.g., v = 2), increasing £ already pushes the ambiguity-ignoring
allocation close to the robust one by penalizing brown exposure even without ambiguity, so WEL
is lower at higher . For higher risk aversion (e.g., v = 5), the precautionary effect of ambiguity is
amplified by &: adverse models become more punitive precisely where the investor is already cautious,
the robust portfolio tilts further away from brown assets than the ambiguity-ignoring benchmark, and
the distance between the two allocations widens. In this case, WEL is larger at higher £. Hence, the
effect of £ on WEL is non-monotonic and crucially depends on ~.

The right panel fixes ¢ = 3 and shows how the impact of ambiguity varies with risk aversion. Investors
with lower v experience substantially higher WEL, whereas for higher v the effect of ambiguity is
attenuated because baseline risk-taking is already limited and the robust and ambiguity-ignoring
allocations are closer. In line with Escobar et al.|[2015], Wei et al.|[2023], and Oliva and Stefani [2024],
completing the market through derivative securities would further amplify these effects, making WEL
substantially larger.

5 Conclusion

This paper develops a tractable dynamic portfolio choice framework that brings together carbon
risk and model ambiguity in a single, closed-form setting. By modeling precision (the inverse of
variance) as the state variable and introducing an explicit environmental penalty on brown exposure,
we derive time-varying “Merton-plus-hedge” rules that transparently connect sustainable preferences
with standard asset allocation under uncertainty. The robust-control extension shows how ambiguity
aversion interacts with carbon risk to re-shape optimal positions and welfare.
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Figure 4.7: Wealth-Equivalent Loss (WEL) as a function of ambiguity aversion I" for different values of risk aversion +.
The plots illustrate the non—monotonic effect of the carbon penalty £ across risk profiles.

Our approach contributes along three dimensions. First, we deliver closed-form portfolio rules that
jointly incorporate an environmental penalty and ambiguity aversion in a stochastic-precision envi-
ronment, yielding allocations that remain intuitive and implementable. Second, the penalty acts as
an asset-specific risk wedge: it scales the effective risk aversion for brown holdings, directly quantify-
ing how carbon exposure enters optimal demand. Third, the robust extension nests these effects by
replacing v with v + T" (and v + I" 4+ £ for brown), providing a clear map from policy credibility and
model misspecification to adjustments of the optimal portfolio. The main results of the paper can be
summarized as follows:

e Environmental penalization reduces the optimal brown weight exactly like an increase in effective
risk aversion for that asset, while leaving the green allocation governed by the standard Merton

denominator.

e Ambiguity aversion compresses all risky positions and dampens intertemporal hedging; because
brown holdings already face the environmental wedge, the joint effect is a stronger relative tilt
toward green.

e In calibration to XLE (brown) and ICLN (green), higher values of the penalty £ and ambiguity
I" shift capital away from brown and into green or the risk-free asset, with magnitudes that are
empirically meaningful over 2012-2025.

e Ignoring ambiguity is costly: our wealth-equivalent-loss calculations quantify sizable welfare
losses that rise with I' and, for moderate risk aversion, with the carbon penalty.

Several natural extensions arise. One direction is to enrich the environmental dimension with ex-
plicit—possibly stochastic—carbon-price processes and firm-level abatement dynamics, so that policy
developments influence both cash flows and portfolio-level penalties. Another is to introduce hetero-
geneity across investors or sectors, together with borrowing constraints, trading frictions, and deriva-
tive instruments, to evaluate how market imperfections and completion affect portfolio tilts, hedging
strategies, and welfare. Finally, embedding the portfolio problem in a general-equilibrium setting
with endogenous carbon pricing would allow an integrated analysis of how disclosure quality, policy
credibility, and carbon-pricing design jointly shape capital reallocation toward low-carbon assets and
determine the allowance premium, including its transition and uncertainty components.
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A  Proofs

A.1 Proof of Proposition

We start from the optimization problem (2.13]) and propose the following ansatz for the value function

=1

-

n (1,52, 9) = explfu(t? + Fatyd + o) 11 = (A1)

1

where fp(+), fa(+), g(-) are deterministic functions to be determined.

Since the value function satisfies the HJB equation, we compute its first- and second-order derivatives
and substitute them into (2.14]). This leads to

<de(t) B | dfG(t)th_i_ dg(t)> h

a dt dt
—i—(l—’y)/W’lh(r—i-ﬂB (uB—r) + 7@ (uG—T))W

+ fe(t)k” (67 — yB) h—(1—y) W

+fG() (9 —y“

2 7TB2 A2h
W yB w

+§fB<t><a Py h+§fc(t)(0' 92y
+ (1= W fpt)oPrBpPW h

+ (1 =)W at)o%rCp°W h=0. (A.2)

We then derive the first-order conditions (FOCs) with respect to the brown and green portfolio com-

ponents, namely we have

1— B .\ _ 7TtB _WtB BB\ ,—0
I= (" =r) =5 +——F + fB(t)o"p =0,
Yt Yi

G

=) (00 =) 2T+ fG(t)UGpG) h=o.

From these, we recover the optimal portfolio weights (2.30)) and -
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Substituting the optimal weights back into (A.2]), we obtain

B _ oB B

dfgit)yB+df§t(t)yG+dg(t) +(1—’)’) r+ </2+fy7,+fB(€t)—’—fyp >yB (MB_T)
G _ O'G G
+<M . 7’+fG(t) P >yG(uG—T)

dt
B 2
-1 *v)g (HH7 fB(gzL > yP + fa()kC (09 —y©)

B fB(t)o? )23 (uG—r fc<t)aGpG>QG
<£+7+ §+ v 0 * v Y

B_, BB
+ 5 UBOP @2+ S a0 + (1= fa(00” (5 + PO oy

G _ r O'G G
+ (1 =) fa(t)o® (M — fG(t)y £ ) y“pS=0. (A-3)

+ fa(OED (07 —yP)

Equation (A.3)) is affine in ® and y“. By grouping the affine terms, we obtain the following system
of ODEs

0. €2 S g [0 |
+0ﬁ£@i§f7):0’ (Ad)
dfgt(t) . (05)2 [(1 - vv)(pc’)2 N 1] 200 + [(/ﬁ = r)(lv— Mo ka} falt)
N (MG—T2)§(1—’Y) o, (A.5)
U (L)t 5 @RP0P + fo(k8 = 0. (A.6)

Equations (A.4]) and (A.5)) can be classified as Riccati-type ODEs. By employing standard analytical
techniques, they admit explicit closed-form solutions, reported in (2.19) and (2.20)). Eq. (A.6) is linear
in g and can be solved straightforwardly.

To complete the picture, we recall that Riccati-type ODEs require suitable parameter restrictions to
guarantee non-explosive solutions, thereby ensuring the well-posedness of the problem. For the green
side, Eq. (A.5) can be written as

d 6¢
Yol L 0 6 a0y - kgt + 5 =0,
where
56— W =r)’(l=1)
’y 9
76 . (1—7)(p%)? 1,
gl
k’G — k‘G . (IU’G B 7’)(1 B fY)UGpG
1 v ’




The solution to the Riccati ODE follows a standard approach: the first-order quadratic equation
is reduced to a second-order linear ODE. To ensure well-posedness, we must prevent the linearized
solution from oscillating across zero. This requires the discriminant of the associated characteristic
equation to be strictly positive, namely

(k) = (69)* HG6Y > 0.
A straightforward (albeit tedious) computation yields
v [ ((K9)? 4+ 26C (1 =)0 p% + (69)? (% = r)?) + (=25 (1" = 1) = (6%)(u“ = 7)*)] > 0,
(u€ =)o (2kC pC 40 (uC 1))

kG)2+(uC —r)o (2kC pC 40 (n 1))’
Repeating the same arguments for the brown side, we write the Corresponding Riccati ODE as

with solution v > max {( O} = max{C1,0}.

d O'B 2 5B
fflt(t)+( 2) HE () = k' fo(t) + = =0,
where
5 WP—r?1—-9) 5 (1-7)(p")?
o= (v +¢) T
B B B
kP B —r)7(1+—£7)0' P kg = (kD)2 — (07)2HB55 .

We impose the conditions for the associated second-order characteristic equation and we have
B\?2 B\2 r7B<B
(k)" = (¢”)"H”6” > 0.
We set AP = (1P — r)oP. Upon some algebraic manipulations we obtain

72 [(kP)? + 2B AP pP + (AP)?] + 4 [2(kP)? §+ 2P ABpB (€ — 1) + (AP)? (¢ - 1)]
+ [(kP)2€% — 2kP AP pPe — (AP)%¢] >

. . —rYoB(2pB kB + —r
with solution v > max { (F(LkB) )+(u( —T)JB(Q‘ZBk;B—I—( )B) r()o—B) ,O} := max{C2,0}.

We collect both constraints and we obtain v > max {C, C2,0} . This concludes the proof.

A.2 Proof of Proposition

The objective is to solve the optimization problem (3.10) subject to the budget constraint (3.8]). Since
this is a bi-level problem, we begin by analyzing the inner one. We impose the first-order conditions
(FOCs) with respect to €7, where i € {B, G} and j € {S, 3'}. Recalling that ¥ := ¥(¢, W€, y“, yP) =
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r
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, we obtain
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—(1=7h=0,

Gah\[ \/7

h B’y
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where we set h := E(t, /V[7€, yB,y).
Hence, the optimal distortion measures can be expressed in terms of the portfolio weights and the
value function as

aﬁ Wfﬂ'? 8}7/ G G
\/ Y A.
-V (GWE th Ty ) (&)
oh WexB  0h 5 5
=U4/y; <8W€ JP +8yBU p ) , (A.8)

N (ayGaG‘/l - (pG)2> : (A.9)
&Y =, /P (5@03,/1 - (pB)2> : (A.10)

As a second step, we address the outer problem. Substituting (A.7)—(A.10) into (3.11]), we obtain
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We then impose the first-order conditions for the optimal portfolio weights. For the brown asset, we
obtain

oh — B oh — 7B 9%h —~ . mB
7Wt€ (,MB - T — fft - AWtEt> + T(Wteyft

oWe yPowe Tyl ] owe yP
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The optimal brown weight is

oh /Wte(MB_T)+O.BpBW\te( 9%h L oh Lﬁ) .

1 € A € B A€ 8yB
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Analogously, for the green asset we find

oh — oh — 0?h  — 7@
Wt< U ny >+ (Wi)2 L,
t

oWe OWe OWe ye
02h oh Oh —
+o pGWtA7+\IJ GpG W—O,
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and the green optimal weight is

oh G Girre 9%h Oh_ Oh
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We postulate the following value function

s = Treyl—
E(t, /V[76, yP, yG) — SBWOYP +fa )y +3(t) M

A4
— (A.14)

where f5(-), fa(-), §(-) are deterministic functions to be determined.

The explicit form of the optimal portfolio weights follows directly from the structure of the value
function: by computing the first- and second-order derivatives, we obtain the closed-form expressions
reported in Egs. and . Substituting these into — yields the optimal distortion
measures in Eqgs. 7. Finally, by exploiting the optimal weights and the derivatives of
the value function, and observing that the resulting equation is affine in y® and y, we obtain the
following system of ODEs

d%tu) MG & ) ((1 1 D | 1) 2
) <kG (WO - r)(17+vr F)JG,OG> ol + (n¢ Q(J)j(;) 7 o 7 (A.15)
dfst(t) . (05)2 1 = - r ((1 _Wl_rrl(gB)Q N 1) 2
R ) o g e
d%(t“ + (1 =)+ fE(OKP8 + fat)k0% = 0. (A17)

Eqgs. (A.15) and (A.16) are Riccati-type ODEs. By applying standard solution techniques, they can

be solved in closed form, yielding (3.16]) and (3.17)), respectively. Eq. (A.17)) is linear in g and can be
solved directly.

It remains to identify parameter restrictions that ensure non-explosive solutions. For the green com-
ponent, Eq. (A.15) can be written as

o) (0 —am . e, 5
o) 0 5Oy - W6 Fatn + &

=0,
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with
I kD ke))
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g6, [1=7 =T (=7 - D)7
" ’{<1—w < (+T) *Q]’
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As in Prop. (1| (Appendix |A.1]), we reduce the first-order quadratic ODE to a second-order linear one.
To guarantee well-posedness, the discriminant of the corresponding characteristic equation must be

~ N2 o~ -
strictly positive, namely <k1G> — (UG)QHGéc > 0. Setting A® := (u¥ — r)0® gives the quadratic
condition

72 (WG 4+ AC (2kCpC + A)| + 4 [20:9)7T + (2 — 1) A% (249 + AF) |
+ [(BOPT2 470 = 1) A% (24p¢ + 49) ] > 0,
whose solution is
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Similarly, for the brown side the Riccati ODE reads
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Proceeding as before, the discriminant for the characteristic equation is (k:lB > - (O’B )2 HB§B > 0.

B B we obtain the quadratic condition

Hence, setting AZ = (uf —r)o
2 [(kB)Q AP (QkBpB + AB)} ty [2(193)2@ Y E) 4+ (20 + ¢~ 1)AP <2kBpB + AB)} +
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whose solution is
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Taking the intersection of both conditions finally gives v > max {5’1, 5’2, O} . This concludes the proof.
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B Well-posedness of Riccati equations

We now investigate how the introduction of ambiguity affects the admissibility conditions ensuring

non-explosive solutions. In particular, we show that the coefficients governing these conditions in

the ambiguous setting can be expressed as simple shifts of their counterparts in the no-ambiguity

case. This correspondence allows for a transparent comparison of the existence thresholds in the two

frameworks.
Focusing first on the green side, we recall that
(1 — 1) o (2kCp% + o (u& — 1))
(kG2 + (p€ —7) 0% (2k%p% + oG (u —1))

Cq =

and
~ — (sz)QF + (1-0) (MG -r) oC (2kaG + UG(,uG — r))

= (K9)? + (u¢ = 1) 0% (264 pC + 0C (uC — 1)) |

where C (resp. 51) corresponds to the no-ambiguity (resp. ambiguity) case. Let
A = (1¥ =) 0% (2k%p% + (u® =1)0%), D= (k) + A .

It foll that
ollows tha g 5_AG—FDG_C -
~ Do 1= De = (1 :

A similar argument applies to the brown side. We recall that

C

(1P =) 0B (2p5k7 + (uF —r)o) — (k)¢

O KB & (48— 1) 0B (2P + (4P — 1)oB)
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Defining
Ap = (uP - r)aB(2/<:BpB + (P — r)aB), Dp:= (k)2 + Ap ,
we obtain

_ Ap — (kP)%¢ & Ap —TDp — £(kP)?
- Dy 2= Dg

Summarizing, the correspondence between the coefficients is given by

Co =Cy—T.

Ci=C—-T,Cy=0Cy—T.
Therefore, the conditions to exclude explosive solutions are
v > max{C'l, Cs, 0}, v > max{él, 62, 0} .

Since

max{é’l, Cs, 0} = max{maX{C’l, Cy} —T, O} ,

we argue that the threshold in the ambiguity case is always weakly smaller than in the no-ambiguity

case. The reduction is exactly I', unless this pushes the threshold below zero, in which case it is

truncated at zero. Hence, the existence condition on v is less restrictive under ambiguity. This

implies that more parameter configurations admit finite (non-explosive) solutions with ambiguity than

without, while the admissible set can never shrink.

31



References

M. Andersson, P. Bolton, and F. Samama. Hedging climate risk. Financial Analysts Journal, 72(3):
13-32, 2016.

D. Ardia, K. Bluteau, K. Boudt, and K. Inghelbrecht. Climate change concerns and the performance
of green vs. brown stocks. Management Science, 69(12):7607-7632, 2023.

T. Berg, E. Carletti, S. Claessens, J. P. Krahnen, I. Monasterolo, and M. Pagano. Climate regulation
and financial risk: The challenge of policy uncertainty. Technical report, SAFE Policy Letter, 2023.

P. Bolton and M. Kacperczyk. Do investors care about carbon risk? Journal of Financial Economics,
142(2):517-549, 2021.

J.Y. Campbell and L. M. Viceira. Consumption and portfolio decisions when expected returns are
time varying. The Quarterly Journal of Economics, 114(2):433-495, 1999.

G. Chacko and L.M. Viceira. Dynamic consumption and portfolio choice with stochastic volatility in
incomplete markets. Review of Financial Studies, 18(4):1369-1402, 2005.

S. Chang, T. Wang, and X. Wang. Optimal investment portfolio and carbon emissions under climate
risk ambiguity aversion. 2024. Working papers.

A. Chen, L. Gerick, and Z. Jin. Optimizing portfolios under carbon risk constraints: Setting effective
constraints to favor green investments. Energy Economics, page 108634, 2025.

K. Colaneri, A. Cretarola, E. Lombardo, and D. Mancinelli. Design and hedging of unit linked life
insurance with environmental factors. arXiv preprint arXiv:2509.05676v1, 2025.

T. Dangl and A. Weissensteiner. Optimal portfolios under time-varying investment opportunities,
parameter uncertainty, and ambiguity aversion. Journal of Financial and Quantitative Analysis, 55
(4):1163-1198, 2020.

S.R. Das and R. Uppal. Systemic Risk and International Portfolio Choice. The Journal of Finance,
59(6):2809-2834, 2004.

A. Dutta, E. Bouri, T. Rothovius, and G. S. Uddin. Climate risk and green investments: New evidence.
Energy, 265:126376, 2023.

D. Ellsberg. Risk, ambiguity, and the savage axioms. The Quarterly Journal of Economics, 75(4):
643669, 1961.

M. Escobar, S. Ferrando, and A. Rubtsov. Robust portfolio choice with derivative trading under
stochastic volatility. Journal of Banking € Finance, 61:142-157, 2015.

G. Faria and J. Correia-da Silva. Is stochastic volatility relevant for dynamic portfolio choice under
ambiguity? The European Journal of Finance, 22(7):601-626, 2016.

C. R. Flor and L. S. Larsen. Robust portfolio choice with stochastic interest rates. Annals of Finance,
10(2):243-265, 2014.

I. Gilboa and D. Schmeidler. Maxmin expected utility with non-unique prior. Journal of Mathematical
Economics, 18(2):141-153, 1989.

32



L. P. Hansen and T. J. Sargent. Robust control and model uncertainty. The American Economic
Review, 91(2):60-66, 2001a.

L.P. Hansen and T.J. Sargent. Acknowledging misspecification in macroeconomic theory. Review of
Economic Dynamics, 4(3):519-535, 2001b.

L.P. Hansen, T. J. Sargent, G. Turmuhambetova, and N. Williams. Robust control and model mis-
specification. Journal of Economic Theory, 128(1):45-90, 2006.

T. S. Kim and E. Omberg. Dynamic nonmyopic portfolio behavior. The Review of Financial Studies,
9(1):141-161, 1996.

T. Le Guenedal and T. Roncalli. Portfolio construction with climate risk measures. In Climate
investing: New strategies and implementation challenges, pages 49-86. 2023.

J. Liu, F.A. Longstaff, and J. Pan. Dynamic Asset Allocation with Event Risk. The Journal of
Finance, 58(1):231-259, Feb 2003.

P.J. Maenhout. Robust portfolio rules and asset pricing. The Review of Financial Studies, 17(4):
951-983, 2004.

R.C. Merton. Optimum consumption and portfolio rules in a continuous-time model. Journal of
Economic Theory, 3(4):373-413, 1971.

I. Oliva and R. Reno. Optimal portfolio allocation with volatility and co-jump risk that Markowitz
would like. Journal of Economic Dynamics and Control, 94:242-256, 2018.

I. Oliva and I. Stefani. Robustness meets co-jumps: optimal consumption and portfolio choice with
derivatives. Quantitative Finance, 24(12):1799-1822, 2024.

L. Pastor, R. F. Stambaugh, and L. A. Taylor. Sustainable investing in equilibrium. Journal of
Financial Economics, 142(2):550-571, 2021.

L. Pastor, R. F. Stambaugh, and L. A. Taylor. Dissecting green returns. Journal of Financial
Economics, 146(2):403-424, 2022.

L. C. G. Rogers. Optimal Investment. Springer-Verlag, Berlin, Heidelberg, 2013.

A. Rubtsov and S. Shen. Dynamic portfolio decisions with climate risk and model uncertainty. Journal
of Sustainable Finance & Investment, 14(2):344-365, 2024.

N. G Sankar, S. Nag, S. P Chakrabarty, and S. Basu. The carbon premium: Correlation or causality?
Evidence from S&P 500 companies. Energy Economics, 134:107635, 2024.

T.J. Sargent, E.W. Anderson, and L.P. Hansen. A quartet of semigroups for model specification,
robustness, prices of risk, and model detection. Journal of the European Economic Association, 1
(2):68-123, 2003.

P. Wei, C. Yang, and Y. Zhuang. Robust consumption and portfolio choice with derivatives trading.
European Journal of Operational Research, 304(2):832-850, 2023.

33



	Introduction
	Financial model and optimization problem
	Penalized Wealth and Environmental/Transition Risk
	Preferences

	The model under ambiguity: A Robust-Choice Extension
	Reference model and ambiguity specification
	Penalized wealth and preferences under ambiguity

	Numerical Analysis
	The impact of risk on optimal allocation
	The impact of risk and uncertainty on optimal allocation
	Wealth Equivalent Loss

	Conclusion
	Proofs
	Proof of Proposition 1 
	Proof of Proposition 2

	Well-posedness of Riccati equations

